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FOREWORD 
the second half of the year 1924, I had the 


honour of visiting a considerable number of American 
universities and scientific foundations, where I delivered 
lectures. These lectures, held under the auspices of the 
Commission for Relief in Belgium, were terminated at the 
Rice Institute in Houston. The administration of this 
notable scientific institution has kindly requested me to 
reproduce the essential part of them for translation and 
printing in its publication. It is, therefore, the condensed 
text of this series of lectures which will be found in the 


following pages. 
CHARLES DE LA VALLEE PoussIN 
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ON THE APPROXIMATION OF FUNC- 
TIONS OF A REAL VARIABLE AND 
ON QUASI-ANALYTIC FUNCTIONS! 


I 


SURVEY OF THE ORIGINS AND DEVELOPMENT 
OF THE THEORY OF APPROXIMATION ? 


1. Weterstrass’s first theorem. Remarks suggested by the 
title of the Note containing this theorem 


The recent investigations on the approximation of func- 
tions take their point of departure in a note of Weierstrass 
presented in 1885 to the Academy of Sciences at Berlin and 
containing two theorems of which this is the first: Every 
function of x continuous in the interval (ab) is developable in 
a uniformly convergent series of polynomials in that interval. 

This is certainly a perfectly precise and extremely simple 
statement, of which the proof, as we shall see, is also quite 
simple. Yet the theorem seemed quite remarkable to the 
contemporaries of Weierstrass, and created considerable 
stir; and there is no doubt that it seemed quite remarkable 


1 Lectures delivered at the Rice Institute on December 16, 17, and 19, 1924, by 
Professor Charles de la Vallée Poussin of the University of Louvain. Translated 
from the French by Professor Griffith C. Evans of the Rice Institute. 

2 We have already treated analogous ideas in a lecture delivered at a meeting 
of the Swiss Mathematical Society, held at Fribourg, Feb. 24, 1918 (L’Enseigne- 
ment Mathématique, t. XX, 1918, p. 23), and more recently, in a lecture given to 
the Accademia Romana dei Nuovi Lincei, at Rome, in 1923 (Lezioni publiche 
tenute nella Settimana Accademica, 26 aprile — 2 maggio 1923). 
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to Weierstrass himself. We find the proof of this in the 
very title which Weierstrass gave to his note, a title which 
excites questions which reach beyond the scope of the 
theorem which was proved. It runs as follows: On the 
analytic representability of so-called arbitrary functions of a 
real variable! Is this really the same thing as the special 
proposition quoted above? The terms employed in this 
caption are so vague that it would seem that the first thing 
to do would be to find their precise meaning. What is 
meant, generally, by an “‘analytic representation”? What 
are the so-called “‘arbitrary” functions in question? What 
is this species of antinomy between the words “‘analytic”’ 
and ‘“‘arbitrary” which Weierstrass believes he has dis- 
solved? Indeed, the title selected by Weierstrass refers 
much more to contemporary concepts than to the real con- 
tent of the memoir. We shall persuade ourselves of this 
by discovering what was understood at the time by “‘arbi- 
trary function.” 

Previously, at the time of Euler, for instance, what one 
called a function was an algebraic expression. The simplest 
sort of function was a power of x, like x”, x8, ... A function 
was thus defined by a certain process of calculation, a 
certain law which enabled one to proceed from the value 
of x to the value of the function, and this law was the same 
for all values of x. Afterwards were considered functions 
defined by more complicated formulas, for example, by a 
series of powers like the series of Maclaurin or Taylor; but 
mathematicians were persuaded that such a formula defined 
a unique law for proceeding from the value of the variable 
to that of the function. It was sufficient to know the 
function in an interval no matter how small in order to 


1 Uber die analytische Darstellbarkeit Sogenannter willkirlicher Funktionen einer 
reellen Veranderlichen. Berl. Ber. (1885) p. 633, p. 789. 
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deduce that law, and therefore, also, the knowledge of the 
function in an arbitrary interval.! 

To this original concept of analytic function (that is, func- 
tion given by a formula which binds its definitions for dif- 
ferent values of x) is opposed the concept of arbitrary 
function, a concept in which precisely this liaison is sup- 
pressed. ‘The definition of arbitrary function is point wise; 
it is made point by point, without there being any longer a 
dependence between the definitions of the function in two 
different points. It was natural to suppose that this 
dissociation of the function would, as a consequence, render 
its representation by one single formula impossible. Thus 
it was in early days that the two concepts of analytic and 
arbitrary functions were contrasted. 

But the validity of this distinction was put in doubt in a 
remarkable manner, in the early part of the nineteenth 
century, by Fourier’s researches on trigonometric series. 
In fact, Fourier showed that one could represent by a single 
trigonometric series, built up with a single set of coefh- 
cients, functions which were up to that time considered as 
different; e.g., sin between 0 and x and cosx between 
x and 27. Thus was set the problem of the analytic repre- 
sentation of so-called arbitrary functions. 

Fourier’s series did not completely solve the problem. 
Even a continuous function is expressible in a trigonometric 
series only by means of certain conditions which are not 
always satisfied. The problem of the analytic representa- 
tion of a continuous function, given arbitrarily, was solved 
for the first time in the memoir in question, of Weierstrass; 
and this is the explanation of the somewhat ambitious 


title which the author gave to it. 


1 This is the property which is possessed by functions of a complex variable 
which we speak of now as analytic. We shall return to it in regard to quasi- 
analytic functions. 
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We may, nevertheless, point out that Weierstrass’s theo- 
rem is not paradoxical at bottom. We are dealing in fact, 
only with continuous functions. But a continuous func- 
tion is not completely dissociated; the function is com- 
pletely determined by the values which it takes for rational 
values of x, and, therefore, by a denumerable infinity of con- 
ditions, since the values for x irrational may be inferred from 
the others in view of the continuity. Moreover, a series of 
polynomials contains a denumerable infinity of parameters. 
The infinity of parameters and the infinity of conditions are 
aggregates of the same power. Hence it is not surprising 
that such a series can represent any continuous function. 

But in his caption Weierstrass does not say continuous; 
he merely says: On the analytic representability of so-called 
arbitrary functions. If then we take the title as it stands, 
we may properly ask what truth there may be in the state- 
ment of this general possibility. 

The very special analytic representation which is used 
by Weierstrass is that by means of a series of polynomials. 
If further we suppose, with Weierstrass, that the series is 
uniformly convergent, it is an elementary theorem that 
that representation applies only to continuous functions. 

Let us now discard the condition of uniformity of con- 
vergence and ask what will then be the functions which are 
developable in series of polynomials. The answer to this 
question is found in the fundamental investigations made 
by Baire. In his thesis (1899), Baire published a classifi- — 
cation of functions of the highest importance. It runs as 
follows: 

Continuous functions form the class 0; discontinuous func- 
tions which are limits of continuous functions form the 
class 1; the functions which are limits of functions of class 1 
and are not of class 1, or class 0, are of class 2; and so on. 
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The functions which can be expressed in series of poly- 
nomials are those of classes 0 and 1, and no others. Baire 
in his thesis gave a celebrated theorem for the purpose of 
characterizing the functions of class 1, which bears his 
name,! and which is one of the most profound and fertile 
of the theory of functions of a real variable. Thanks to this 
theorem it is easy to define the functions which are not 
of class 1, and which, therefore, it is not possible to repre- 
sent by a series of polynomials. Perhaps they will admit 
some other sort of analytic representation than this. But 
what then, speaking generally, do we mean by analytic 
representation? 

Weierstrass would perhaps have been much embarrassed 
in replying to this question. The question is in fact rather 
vague. Nevertheless there is a paper, by Lebesgue, en- 
titled: On the functions which are representable analytically,? 
where we can find the basis of an answer to the question. 
If we accept Lebesgue’s point of view, and it would be 
dificult to do otherwise, the analytically representable 
functions are those which may be defined in terms of con- 
tinuous functions by means of a denumerable infinity of 
processes of passing to the limit, — in other words, they are 
the ones which come under Baire’s classification. 

Now there exist, at least theoretically, functions which 
do not come under this classification. Thus it follows that 
the title of Weierstrass’s memoir announces a possibility 
open to debate. Weierstrass is the one among mathema- 
ticians most concerned with rigour, and the one who has 
given the best models of it. Is it not, therefore, quite startling 
to see him put, as he did, such a precise and simple theorem 
under a somewhat ambiguous title, — one which leads to 


1 Baire’s theorem: A function of class 1 is punctually discontinuous on every 


perfect set. 
2 Journal de Mathématiques, t. 60 (1905), p. 139. 
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the most thorny problems of mathematical philosophy, and 
moreover, one which, taken literally, would seem to be 
incorrect? 


2. Original proof of Weierstrass’s theorem 


Let us turn now to the proof first given by Weierstrass 
for his theorem, reproduced by E. Picard in the first vol- 
ume of his Traité d’ Analyse, and become classic. 

Weierstrass endeavors first, given a function f(x) contin- 
uous in an interval ab, to construct a polynomial which 
comes arbitrarily near to the function in that interval. He 
takes his point of departure in the integral, familiar in the 
calculus of probabilities, 

vil me tarry 
Vr jx 


By changing ¢ into tV7, it becomes 


‘al ee = 1. 
Tv 


—-o 
If we suppose that 7 is a positive integer increasing in- 
definitely, the only values of t which give an effective con- 
tribution to the integral are those infinitely near to zero. 
It follows that if a and 6 are two numbers of different signs, 
the integral 


(1) \" | pond 


a 
will have the same limit as the preceding when 7 tends to 
infinity, and this limit will therefore be unity. 

Let now f(x) be a function of x continuous in the interval 
(a, b), and x a value between a and b. We form the integral 


(2) F(x) = \" J "F(t)ennee—O% ge. 
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It is the same as 
b-—z 
(3) F(x) = "J f(t + xe" dt. 


When 7 is allowed to become indefinitely great, we see, by 
comparison with (1), that the value of the integral (3) is a 
mean among the values taken by f(x + 2) as t ranges be- 
tween the two limits of opposite sign a — x and b — x. 
But since only the infinitely small values of ¢ contribute 
anything, the mean value of f(x + t) approaches f(x) uni- 
formly, the function being continuous. Hence F(x) ap- 
proaches f(x) uniformly as 7 becomes infinite, through any 
interval interior to (a, d). 

But the end in view is not yet attained, since F(x) is 
not a polynomial; and this is in fact the objection to Weier- 
strass’s method. In order to substitute a polynomial for 
F(x) it is necessary to replace the exponential e~"¢-”’, in 
the integral (2), by its uniformly convergent development 
in powers of x — ¢, and to keep in this development merely 
the number of terms necessary to get the desired approxima- 
tion. By taking x sufficiently great, and taking in the 
development of the exponential a sufficient number of 
terms, we are able then to construct a polynomial which 
comes as near as we please to f(x). 

The problem of expressing f(x) in a series of polynomials, 
and that of constructing a polynomial which approximates 
it to any desired degree are entirely equivalent. In fact, 
if P,, is a polynomial of degree n, and we have a sequence 
of polynomials P;, Ps, ..., P,,... approaching f(x) uni- 
formly as n becomes infinite, we also have an expression 
for f(x) in a uniformly convergent series of polynomials, 
as follows: 

f(x) = Py + PrP) +... + (Pa — Po-1) + -.- 
Hence Weierstrass’s theorem is proved. 
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3. Landau’s integral 

The inconvenience of Weierstrass’s method is that the 
function F(x) defined by the integral (2) is not a polyno- 
mial in x. The properties of the integral which are used by 
Weierstrass relate to the presence of the exponential factor 
Vn e~"@-"", which has been called the factor of discontin- 
uity. Hence it occurred to me to construct an integral 
similar to (2), but with another factor of discontinuity 
which should be a polynomial in x. Thus I was led to 
form an integral which since has received the name of 
Landau’s integral, since Landau used it a few months be- 
fore me for the same purpose.!_ However, this integral was 
considered even earlier by Hermite, and is found in his 
correspondence with Stieltjes, —a fact which Landau 
pointed out himself. 

We replace the integral (1), which is the basis of Weier- 
strass’s method, by the following, 

3 d-eya= a aed ts 
pa vt 1S re Sin ay Bei 
in which n is an integer. As before, when 7 increases 
indefinitely the only values of ¢ important for the value of 
the integral are those infinitely near to zero. 

Let now f(x) be a function continuous in the interval 
(a, b). We shall assume this interval interior to (0, 1). 
This hypothesis is indeed legitimate, since if it does not 
happen to be verified, we can satisfy it by a linear change 
of variable, which transforms a polynomial into another of 
the same degree. 

With this understood, Landau’s integral is the following: 


P(e) = 3 | 70) [1-G@— 1)" Pat. 


1 Uber die approximation einer stetiger Funktion durch eine ganze rationale 
Funktion. Rend. di Palermo, vol. 25 (1908), p. 337. 
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This can be substituted for the integral F(x) of Weierstrass, 
for it yields exactly the same reasoning on the mean values. 
But it resolves precisely into a polynomial in x, Pele) Gt 
degree 2, which consequently approaches f(x) as n be- 
comes infinite. Thus the end is attained. 


4. Two problems studied by means of Landau’s integral 


Landau’s integral lends itself to the solution of interesting 
problems, of which I proposed to myself the two following: ! 


1. What is the order of approximation of P,,(x) to f(x) 
relative to 1/n as n becomes infinite? 
2. Are the successive derivatives of f(x) represented ap- 


proximately by those of the approximate polyno- 
mial P2,(x)? 


The first question, which Lebesgue? studied contempo- 
raneously with me, is that of the order of approximation. 
It became the starting point of a theory which has since 
received great development, to which I will return in a few 
moments. 

The second question, concerning the differentiability of 
the representation, was not new. Painlevé* had solved it 
in 1908 in the case of continuous derivatives. But, as I 
showed, Landau’s integral furnishes a solution of the prob- 
lem which is much better, and indeed almost perfect; the 
derivative of P,, of any order p converges towards the deriv- 
ative of the same order of f(x) at the point x under the 
single condition of the existence of the latter derivative at 

1 Sur l approximation des fonctions de variables réelles et de leurs dérivées par des 
polynomes et des suites limitées de Fourier. Bull. de Acad. Roy. de Belgique 
(Classe des Sciences), No. 3, Mars, 1908. 

2 Sur la représentation approchée des fonctions. Rend. di Palermo, vol. 26 (1908), 


DeSL5: 
3 Comptes Rendus, t. 126 (1898), p. 459. 
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the point. That is quite the most remarkable property of 
Landau’s integral, since as process of approximation of f(x) 
it is only of mediocre value. In fact, the greatest value of 
Landau’s integral for me was to suggest the construction 
of another integral which is its analogue for trigonometric 
approximation. This integral, analogous to Landau’ss 
initiates investigations decidedly more interesting than 
Landau’s integral itself. We may then naturally turn to 
the consideration of trigonometric approximation and the 
investigations which I have just mentioned. 


5. Trigonometric approximation and the analogue of 
Landau’s integral 


The problem of trigonometric representation is as old as 
that of representation in terms of polynomials, and goes 
back to the original note of Weierstrass of 1885, that note 
containing a second theorem, as follows: Every function, 
continuous and periodic, of period 2 x, ts developable in a uni- 
formly convergent series of finite trigonometric expressions. 

A finite trigonometric expression of degree » is a polyno- 
mial of degree 7 in sinx and cos.x, or, what is the same 
thing, an expression of the form 


a+ (a, cos x+ B, sin x) + (ag cos 2x+ By, sin2x) +... 
+... + (a, cos mx + B, sin nx), 
in which the coefficients a, 8 are constants. 

It is well to notice that, whenever we are concerned with 
trigonometric approximation, the function f(x) is always 
assumed to be periodic. 

Weierstrass’s second theorem has since received a large 
number of different demonstrations. But here I am only 
concerned with the one which I gave in 1908.1 It is based 

1 Bull. Acad. Roy. de Belgique (Classe des Sciences), loc. cit. 
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on the consideration of an integral analogous to Landau’s, 
possessing all of its advantages. 

Let f(x) be the continuous periodic function to be repre- 
sented. The integral which defines a finite trigonometric 
expression (,(x) of order 1 is the following: 


n(x) = In | “F0) (cos*5*) "ar, 


where the factor /, is the reciprocal of the value of the 
well-known integral 


FS ee (2n—-1), 
1 RR ee ne 


2x t ; 
cos** 7 dt= 4 | cos?"t dt= 
0 


0 
In this new integral Q,(x), the factor of discontinuity is 


I— x ; ‘ ; . : . 
cos*” 7 which is a finite trigonometric expression of 


order n in x. We can treat this factor exactly in the same 
way as that which appears in Landau’s integral, and we 
show in this way that Q,(x) converges to f(x) when n be- 
comes infinite, and possesses exactly the same properties as 
the polynomial P;,(x) of Landau with respect to the ap- 
proximation and differentiability of the representation. 

But what is most interesting in this new integral is that 
it leads, as I showed in my memoir of 1908, to the definition 
of a new method of summing divergent series. 


6. A new method of summing divergent series 


The trigonometric polynomial Q,,(x), defined by the above 
integral, is connected in a very interesting way with the 
Fourier’s series of f(x). In fact, if we designate by a 
and b, the Fourier constants for f(x), to wit: 


Qa ¥ 1 25 3 
a = wf) cos kx dx, by= al f(x) sin kx dx, 
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the expression Q,,(x) is resolved into the finite trigonometric 
sum of order ” 

mn n(n—1)...(n—k+1) 
Der 1)(n+2)...(n+k 
Now the calculation of this sum and of its limit for n = 00 
constitutes a process of summation for the Fourier series. 
In fact, each term of this sum is obtained by multiplying 
the term of the same rank of the Fourier series by a nu- 
merical factor. These successive factors, for a given 1, 
are continually decreasing, are <1, and all approach 1 
as n is let approach infinity. Since all these factors vanish 
from the (n + 1)” on, this method yields the advantage of 
having a finite sum for each value of n. In accordance 
with what we have said, this process enables us to sum the 
Fourier series and its successive derivatives at a given 
point, under the single condition of the existence of these 
derivatives at the point. 

These are the results to which I attained in 1908. Since 
then, several skilful geometers have concerned themselves 
with this process of summation and have shown that it 
has a power, importance and interest which I did not 
expect. 

The process was applied by Plancherel to the summation 
of the series of Laplace and Legendre. Kogbetliantz has 
applied it quite recently to ultraspherical functions.? 
Gronwall has made investigations even more searching. 


Bie j (a, cos kx + by sin kx). 


Some years ago he showed that this method of summation 


has at least all the generality of those by the Cesaro means.’ 


1 Sur Papplication aux séries de Laplace du procédé de M. de la Vallée Poussin. 
Comptes Rendus, t. 152 (1911), p. 1226.—Rend. di Palermo, vol. 33 (1912), p. 41. 

2 Sur la sommation des fonctions ultrasphériques par la méthode (Zo) de M. de la 
Vallée Poussin. Rend. di Palermo, vol. 46 (1922), p. 146. 

’Uber einige Summationsmethoden und ihre Anwendung auf die Fouriersche 
Reihe. Journal fiir die reine und angewandte Mathematik, Bd. 147 (1917), p. 16. 
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But I have learned, through a kind communication from 
Dr. Gronwall, that he has continued his researches in this 
direction, and has obtained most important results, which 
he has not yet published. With his permission, I indicate 
one of them which throws considerable light on the question. 

A series up + uy + ug +... is summable in my way and 
has for its sum the value s if the expression 


Py 
am BG DERI 


tends towards s as n becomes infinite. Gronwall found 
the generating a for the V,. It is the following: 


ce — a 
0 


This striking caditsey, directed Gronwall along the road to 
interesting generalizations of my method of summation. I 
cannot elaborate them here; but the identity exhibits 
directly an important fact, viz., that if V, has a limit, 
u,x" necessarily approaches the same limit, as x approaches 
unity.? 

If we apply this remark to the summation of Fourier’s 
series, it follows that Poisson’s method of summation must 
offer all the advantages of my own. I noticed the fact in 
1908 and proved it in my Memoir, retracing all the proofs 
in detail. It is seen, thanks to Gronwall’s elegant formula, 
that it was only the particular application of a general 


property. 
7. The problem of the order of approximation 


The most important of the problems which have been 
attacked in the study of approximation is that of the order 


1 We see in fact that we have 
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of approximation. Let us define first what we mean by 


approximation. For example, let a continuous function f(x). 


be represented by means of a polynomial of degree n, and 
let P,,(x) be such a polynomial. The difference f— P, is 
the error of the approximation, and is a function of x; its 
maximum value in the interval of representation is the 
approximation p,. ‘This positive number approaches o as 1/n 
approaches zero, if the polynomial P, is well chosen. It is 
therefore an infinitesimal of a certain order with respect to 
1/n. The problem of the order of approximation is the 
following: To determine the relation which exists between the 
order of approximation py, which f(x) may admit for a finite 
expression of order n, and the differential properties of the 
function. 

I offered myself the beginnings of an answer to this very 
problem in 1908, while studying the approximation given 
by Landau’s integral. I showed also that the function 
|x| admits an approximation to the order of 1/n by a 
polynomial of degree n, and I raised the question of decid- 
ing whether or not that was the order of the best possible 
approximation.! This definite question had much more 
importance for the development of the subject than had 
the few isolated results which I had obtained, because that 
question caused the writing of the two most important 
memoirs on the subject, one by D. Jackson and the other 
by S. Bernstein. 

The problem can be set in two inverse formulations: 
the direct problem, the only one which I had attacked, has 
for its object to find the possible order of approximation in 
terms of the assumed properties of the function; the inverse 


1 Sur la convergence des formules d’interpolation entre ordonnées équidistantes 
Bull. Ac. Roy. de Belgique (Classe des Sciences), 1104 (1908). This memoir Een 
with a note Sur Papproximation par un polynome d’une fonction dont la derivée 
est d variation bornée, the note which was the occasion of the question cited. 
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problem, more difficult, consists in repassing from a given 
supposedly possible order of approximation to the differ- 
ential properties resulting for the function which is 
represented. 

It is the memoir by D. Jackson! which answers most 
completely the direct question, and that of S. Bernstein 2 
which answers most completely the inverse problem. 

The results contained in these two memoirs constitute 
the essential matter of the volume of the Borel Collection 
which I had the privilege of publishing under the title: 
Lecons sur lapproximation des fonctions de variables réelles.3 
I combined the results obtained by the two authors above 
named, and filled them out in many points; I changed or 
simplified the proofs; but I contributed little in the way of 
new materials to the construction. 

There will be found in that volume quite a number of 
results connected with the problem proposed, some concern- 
ng functions which possess merely a finite number of suc- 
cessive derivatives, others relative to functions which are 
indefinitely differentiable, or even analytic. It will suffice 
for me here to reproduce merely one of these results, — 
the one which makes apparent in most striking fashion the 
mutual dependence which exists between the order of 
approximation and the differential properties of the func- 
tion. It is the subject of a theorem which I gave for the 

1 Uber die Genauigheit der Annaherung stetiger Funktionen durch ganze rationnale 
Funktionen gegebenen Grades und trigonometrische Summen gegebener Ordnung. 
Inaugural Dissertation, Gottingen (1911). This memoir was crowned by the 
Academy of Sciences of Géttingen to which it had been presented in answer to a 
problem set by the Academy identical with mine. 

2 Sur Vordre de la meilleure approximation des fonctions continues par des poly- 
nomes de degré donné. Memoires publiés par la Classe des Sciences de l’Academie 
Royale de Belgique. Collec. in-4, 2¢ série, t. IV, 1912. Crowned memoir 


presented for a prize question set by the Class in 1911 at my instigation. 
8 Paris, Gauthier-Villars (1919). 
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first time in a meeting of the Swiss Mathematical Society at 
Fribourg in 1918,! and deals with the trigonometric repre- 
sentation of a periodic function f(x). 

If f(x) admits a derivative of order r satisfying a Lipschits 
condition of order a (0 <a <1),? then whatever n, f(x) ad- 


mits a trigonometric representation of order n, with an ap- 
proximation 


Pes ae (M const.). 

Conversely, if it is possible to satisfy this last condition for 
every n, f(x) possesses a derivative of order r which satisfies 
a Lipschitz condition of order a. 

This theorem deals with trigonometric approximation, 
but there is an analogous theorem for representation in 
terms of polynomials in an interval (a, 6), In fact the two 
methods of representation lead each to the other, a fact 
which Bernstein brought out most clearly by his use of 
trigonometric polynomials. 

We show in fact, following Bernstein, that the represen- 
tation of f(x) in terms of polynomials may be derived from 
its trigonometric representation. We can always assume 
that the interval of representation is (— 1, + 1), since any 
other may be reduced to it by a linear transformation. We 
make then the transformation x = cos ¢. We have then for 
the function f(cos ¢), which is periodic and an even func- 
tion, the trigonometric development 

f(cos ¢) =a +a,cos?+... +a, cosnd +... 
But cos n@ is a polynomial of degree n in cos ¢; and it is 
this polynomial P,(cos ¢), which Bernstein calls a trigono- 
metric polynomial. Hence if we return to the variable x, 


1 L’Enseignement Mathématique, t. 20 (1918), p. 23. 
* That is to say, one can assign a constant 4 such that for all x and 5 we have 


[f™ (@ +8) —f£ (x) | < 48%. 
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we have the redresentation of f(x) in a series of trigonomet- 
ric polynomials 

f(z) = ay + a,P,(~) +... + a,Pa(x) +... 
The transformation moreover applies directly to a finite 
sum as well as to a series, a fact which justifies our state- 
ment. 

As we have already had occasion to notice, the theory 
of approximation has been the cause of the discovery of 
important theorems which retain a very considerable 
interest even outside that theory. One of the most re- 
markable in this way is a theorem about trigonometric 
expressions, discovered by Bernstein; it plays the essential 
role in the solution of the inverse problem mentioned above. 
It runs as follows: 

If the absolute value of a trigonometric expression of order n 
does not exceed M, the absolute value of its derivative does not 
exceed nM, and, consequently, the absolute value of its p™ 
derwative does not exceed n?M, 

The algebraic character of this theorem was brought out 
by Marcel Riesz in 1914.!_ I also pointed out this algebraic 
character in my book, not being aware of Riesz’s theorem 
at that time. 

I have already given the most characteristic theorem on 
the order of approximation. It is interesting only for 
functions which possess merely a finite number of succes- 
sive derivatives. In my book on approximation, [| at- 
tacked the problem of obtaining results of similar precision 
for indefinitely differentiable functions, and in particular, 
for analytic functions. I was not able to solve it com- 
pletely. I shall not describe these results here, because I 
am inclined to think that for these cases it is just as 


1 Eine trigonometrische Interpolationsformel und einige Ungleichungen fiir Poly- 
nome. Jahresberichte der deutschen Mathematiker-Vereinigung, Bd. 23 (1914), 


p. 354. 
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interesting to study the convergence of their Fourier series. 
This study, moreover, is made by similar methods, and will 
be the object of our second lecture. 


8. The best approximation 


Given a function f(x) continuous in an interval (a, 5), 
there exists a polynomial which furnishes the best possible 
approximation in this interval among all those of degree n 
and this polynomial is unique: it is called the polynomial of 
minimum approximation of degree n. This polynomial P, 
is completely characterized by the fact that the difference 
f —P, takes on its maximum value +2 times, with 
alternation of sign. These results were given long ago by 
Tchebycheff,! and the proofs were made rigorous by Kirsch- 
berger and Borel.2?- Analogous theorems hold for the best 
trigonometric approximation of order n. The trigonometric 
expression of order n, S,, which gives the best approxima- 
tion is characterized by the fact that f — S, takes on its 
maximum value 2 » + 2 times, with alternation of sign, in 
its interval of periodicity. Certainly, Bernstein has suc- 
ceeded in determining the polynomial of minimum approxi- 
mation in some quite remarkable cases. But, in general, 
the exact determination of this polynomial is an inacces- 
sible problem. There isn’t any really practicable method 
for the approximate calculation of this polynomial; and of 
course there is the same state of affairs in the case of trigo- 
nometric approximation. 

Nevertheless, it is quite important, when we consider an 
approximate expression of a certain order, to know if it 
gives a good approximation; that is to say, whether or 


1 Sur les questions de minima qui se rattachent a la représentation approximative 
des fonctions. Mémoires de l’Acad. Imp. des Sciences de St. Petersbourg, Sciences 
Math. et Phys., Série 6, t. VII, 1859. Collected Works, vol. I. 

2 Legons sur les fonctions de variables réelles, Paris, Gauthier-Villars (1905). 
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not the approximation obtained differs too much from the 
best possible one. To decide this, it is necessary to know 
a lower limit to the best approximation. There are, as a 
matter of fact, quite a number of criteria which I developed 
in my Legons sur l’'approximation. I shall mention the three 
most characteristic. In order of date, the first belongs to 
Lebesgue, the second to myself, and the third to Bernstein. 

Lebesgue’s criterion ! concerns trigonometric approxima- 
tion. It is stated as follows: If the sum of order n of the 
Fourier series for the periodic function f(x) does not exceed 
$(), the best approximation of order n is not less than 
Ado(n)/log n, where A is a numerical constant which can be 
determined once for all. 

A second criterion, which I published some months later,? 
concerns polynomial approximation. It may be stated as 
follows: If the polynomial Q, of degree n is such that the 
difference f — Q, takes values of alternating sign in n +2 
consecutive points in the interval (a, b), the smallest in absolute 
value of these n +2 values is a lower limit for the best ap- 
proximation. 

Finally, Bernstein’s criterion * deals again with trigono- 
metric representation. It is connected with the well-known 
minimal property of the Fourier sums. This is the state- 
ment of it: Let a,, b, be the Fourier constants for the con- 
tinuous periodic function f(x); the best approximation for 
this function by a trigonometric sum of order n 15 not less than 
the square root of 


1 Co 
n) > (a? + b,”). 


We shall see in the next lecture that this criterion is par- 
ticularly interesting when we apply it to analytic functions. 


1 Ann. de la Fac. des Sciences de Toulouse, série 3, t. 1 (1910). 
2 Bull. Acad. Roy. de Belgique Classe des Sciences (1910). 
3S, Bernstein (1912), loc. cit. 


II 


RELATIONS BETWEEN THE PROPERTIES OF A 
PERIODIC FUNCTION AND THE LAW OF DE- 
CREASE OF ITS FOURIER COEFFICIENTS 


1. Condition for the unlimited differentiability of a 
periodic function 
Let f(x) be a continuous function of period 2 z, indefinitely 
differentiable. The condition of periodicity, we must ob- 
serve, is absolutely indispensable for what follows. Such 
a function is developable as a Fourier series in the form 


(1) {@)= ay Y (a, cos kx + db, sin kx). 
1 


Its coefficients a, and }, are expressed by the well-known 
integrals 


7 2a 2a 
a= =|, f(x) cos kx dx, b= |. f(x) sin kx dx. 


Let us operate on the first of these by p successive integra- 
tions by parts, noticing that the terms at the limits drop 
out on account of the periodicity. Hence 


Qr 
an abbr (SEs 


sin kx 
so that, if we designate by M, the absolute maximum of the 
derivative of order , we have, by the theorem of the mean, 


2M : 
| a] < b 2 and, in the same way, | D | <a 


In these inequalities, the integer p is as large as we like; 


they prove then that, as k becomes infinite, the Fourier 
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coeficients a, and by become infinitely small with respect 
to every negative power of k. 

Conversely, if this condition is fulfilled, the series (1) 
and all its derivatives are uniformly convergent, so that 
the differentiation of the series and of its derivatives one 
after the other is permissible, and the periodic function 
f(x) is indefinitely differentiable. 

Thus, the necessary and sufficient condition in order that 
a continuous periodic function be indefinitely differentiable 
is that its Fourier coefficients a, and J; be infinitely small 
with respect to every negative power of &, or again, what 
amounts to the same thing, that: 


by 


be infinitely large in comparison with logk. It may be 
observed that we have proved that a continuous periodic 
function which is indefinitely differentiable may be repre- 
sented by a Fourier series which is indefinitely differentiable. 


Nr 


ax 


log 


2. Condition for analyticity 


We shall now look for the law of decrease to be imposed 
on the Fourier coefficients in order that the periodic func- 
tion f(x), which is real on the axis Ox and of period 27, 
shall be analytic in every point of the axis. In this case, 
f(x) is the value on Ox of an analytic function f(z) of the 
complex variable z = x + yi, and every point of Ox is a 
regular point of f(z). Consequently we can draw two lines 
y = +}, parallel to the axis and at equal distances above 
and below it, such that f(z) has no critical point either in 
the infinite strip contained between these lines or on the 
lines themselves. 

Under these conditions, we shall show that the Fourier 
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development of f(z) is equivalent to a development in terms 
of a Laurent series. 
Make the change of variables 


ae id 
by means of which we have 
f@) = $@). 


If f(z) were not periodic, '¢(¢) would not be a uniform func- 
tion of ¢, because ¢ is a periodic function of z. But by 
hypothesis, f(z) admits the same period 2 7 as ¢ itself, and 
in such case, ¢(¢) is a uniform function of ¢t. Let us find 
the domain in the plane (¢) which corresponds to the above 
strip in the plane (z). 

If z traces out the line y = b, the modulus of ¢ is con- 
stant and equal to e~°; it is equal to ¢? if z traces out the 
line y = — b. Hence, to the strip in the plane (z) corre- 
sponds, in the plane (¢), the circular ring contained between 
the two circles with center at the origin and radii e~® and 
e’. The function ¢(t), being holomorphic in this annular 
region and on the two circles, is developable in a Laurent 
series, which is convergent in the annular region and on the 
two circles, of the form 


o(t) = Ag+ ¥ Ag+ tae 
1 1 


These two series converge on the two circles, and there- 
fore when ¢t = e*® their general terms approach 0 as k be- 
comes infinite. It follows that 4,e and B,e approach 0 
as k becomes infinite. 

If now we return to the variable z the Laurent develop- 
ment for ¢(¢) becomes the following development for f(z): 


F(@) = Ao + 2 (Ape + Bye“™) 
= Ayo + =[(Ax + By) cos kz + i(4, — B,) sin kz] 


which is precisely the Fourier development for f(z). Hence 
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the Fourier constants for f(x) are 

a, = Ay + By, by = 1(A, — B,). 
It follows from this that the products ae and b,e ap- 
proach zero as k becomes infinite. 

Conversely, if this condition is satisfied the Laurent 
development for ¢(¢) converges in the annular region, the 
Fourier development converges in the strip, and f(z) is 
holomorphic in the strip. 

Thus, the necessary and sufficient condition that f(x), of 
period 27, be analytic at every point on the axis of x is 
that a positive number b may be assigned such that the 
products a,e“ and b,e* have the limit zero as k becomes 
infinite. That amounts to saying that a and 5, approach 
zero at least as rapidly as the terms of a convergent geomet- 
ric progression; or, also, that: log = - 

k k 


, log be infinitely 


great of order at least equal to k. 


3. Comparison of the preceding results 


If we compare the conclusions in the two preceding sec- 
tions, we notice that the condition for the analyticity of 
f(x) on the real axis is much narrower than that for unlim- 
ited differentiability, because the variable & increases much 
more rapidly than its logarithm. Consequently the class of 
analytic functions must be a very particular class of those 
which are indefinitely differentiable. There must be, then, 
between the two classes a considerable margin, which 
opens a place for intermediate classes. It is in this margin, 
as we shall see in the last lecture, that we must place the 
class of guasi-analytic functions. 

We now proceed to study in more detail the law of de- 
crease of the Fourier coefficients of a function by making 
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it correspond to the more special properties of the function 
to be developed. We commence with the infinitely differ- 
entiable functions. 


4. Indefinitely differentiable functions. Relation between 
the law of limitation for the successive derivatives and 
the law of limitation for the Fourier coefficients 


Consider a function f(x), periodic of period 27 and 
infinitely. differentiable. We shall assume, in order to 
simplify the writing (although it is in no wise essential), 
that the function is even and can be developed in a series 
of cosines alone, in the form 


f(x) = Za, cos kx. 


Assume that the successive derivatives of f(x) are bounded 
according to the law 


(1) y¥if7l <0) 
where ¢(p) is a positive non-decreasing function. 

We have first the following theorem: If the function ¢(p) 
is bounded, remaining less than an integer 1, the function 
f(x) is a finite trigonometric sum of order less than n. 

In fact, we make (as before) p integrations by parts, 
and use the above given law of limitation, so that we 


obtain Sopra Lonlns o(p)\? 
(2) lal=—=5 ie () (3 eS) ax ae () 


We can let » become infinite in this formula. Hence if 
¢(p) remained less than , this formula would give | a, | = 0 
as soon as k had become > n; and the Fourier development 
would reduce to a finite number of terms. 

We may, therefore, from now on discard this case, at 
present of no interest to us, and assume that $(p) becomes 
infinite with p. Without loss of generality we may assume 
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that ¢(p) not only is non-decreasing, but actually increases 
with 9. 

With this understood, let us assign arbitrarily a number 
m > 1, and afterwards determine the integer p by the 
conditions 


o(p) < ae o(p + 1). 


We denote by y the function inverse to ¢; thus the two 
inequalities just given become the following, 


k 
Psy (=) <pt+i. 
Formula (2) then yields a fortiori 
(3) |a,| <2™m fie = 2 me-¥(%) 108 m 


We shall use this relation shortly. It can be simplified by 
making m = e, so that we have, in particular, 


(3’) | a, | < 2e-e-¥() 

Thus to the law of limitation (1), on the successive 
derivatives of the function, corresponds the law of limita- 
tion (3’) on the Fourier coefficients, which is obtained by 
inversion of the function ¢. 

Let us turn now to the converse. Assume that we are 
given the law of limitation of the Fourier coefficients in 
the form 
(4) | a, | < 4e™ 
where 4 is a constant and y(&) is a non-decreasing function 
tending to infinity as k becomes infinite. Let us see if we 
can deduce a law of limitation for the successive derivatives 
of the function by inverting the function y. 

We shall in fact obtain such a law, but by means of a 
hypothesis on the rapidity of increase of y(k). We 
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shall assume that y has a derivative and that a positive 
number a@ can be assigned sufficiently small so that x* 
increases less rapidly than y(«), or, so that y(«)/x* 1s con- 
tinually increasing. The logarithmic derivative of this 
quantity is not negative; hence we can assign a positive 
number a so that everywhere 
(5) xy’ (x) 

¥ (x) 
Let us make this hypothesis. We have the development 

f(x) = Za, cos kx; 


>a 


consequently, by differentiating p times, 
: ve) _ ve) 
| f@ | < Dk?.| a, | <iAskee™ = Az (es ogee io 
om ; : ve) : aa 
The positive series which has e~ 2 for its general term is 
convergent. The product of the sum of this series by 4 


is a constant which we may designate by B?; hence 


v 
| f? |< BP max kPe7 cap 


This maximum refers to the variation of k. It is reached 
for a value of & certainly less than that which makes the 
logarithmic derivative of the function negative. This 
derivative has the value 


and has the same sign as 


2 p— bv (R= 2-H yb) <2 p— a(t). 


It will therefore be negative if we have 


that is, if we have 
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where ¢ is the inverse function of ¥. Hence the maximum 
will be attained for a value of & less than this value, and 
we shall have a fortiori 


(6) {F< bo( 72). 


Accordingly, assuming the condition (5), there corresponds 
to every law of limitation of the Fourier coefficients given 
by (4) a law of limitation of the successive derivatives, 
which is given by inversion of the function y. This inversion 
will be indispensable to us in our study of quasi-analytic 
functions. 


5. Continuation of the preceding 


When the law of limitation of the Fourier coefficients is 

assumed to be of the form 

ly ese. Cae 
as in the preceding section, we had to impose a supple- 
mentary condition on the function y¥(&), in order to deduce 
by an inversion the law of limitation for the successive 
derivatives of the function f(x). We may ask if the em- 
ployment of a restriction was necessary. 

It is not difficult to verify this necessity. In fact, a 
function which is indefinitely differentiable satisfies by 
that very fact a law of decrease of its Fourier coefficients, 
and this law can be written in the given form. If it were 
possible, in general, to deduce from that a law of limitation 
for the successive derivatives by inversion of the function 
y(k), the simple fact of their existence would necessitate a 
law of limitation on them, assignable a priori. The con- 
trary is not evident; nevertheless it is the contrary which is 
correct. In fact, Borel proved in his thesis that a function 
could be constructed of which all the derivatives would 
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exist, and would at a given point take on values given in an 
arbitrary manner. Moreover the formulas already given 
enable us to construct a function whose derivatives will 
not satisfy a law of limitation, given in advance, of the type 


Vif? | < o(). 


In fact, this formula implies as a consequence the condi- 
_ tion (3) of the preceding section. Now in this condition 


we can make m= Vz&, and obtain 
| a. |<2Vk e—W(VE) log kk — 2 pi-W (Vd, 
The second member is infinitely small in comparison with 


every negative power of k, for ¥(W&) increases indefinitely 
with &. Hence the function defined by the series 

= R-MV cos hex 
is indefinitely differentiable and its successive derivatives 
are not subject to the law of limitation given in the pre- 
ceding section. 

The introduction of a restrictive condition was really 
indispensable. In order to pass from the limitation of the 
a, to that of the f™ in the general case, it is necessary to 
introduce the order of infinity of log |1/a,| with respect 
to log k. For that purpose we must write the formula of 
limitation of the a, in the form 
(7) | ax | < Ae~¥® logk _ Ap-v(ky 
In this case, the law of limitation of the f™ is obtained 
without exception by inversion of the function y. 

We can, in fact, write 

[f? |< =| ka, |< AzDke-™, 
Choose at pleasure a number a, 0<a<1. We have 

| f | < AD kP- oh) b-— —eyck) 
Now the series of which the general term is k-9-®%® jg 
convergent, and its product by 4 will not surpass a number 
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which we may designate by B?. We have then 

| f | < B? max RP-®), 
This maximum is attained for a value of & less than that 
which makes the exponent negative, therefore less than 


$(?/.), Where ¢ is the function inverse to y. Consequently 
we have, a fortiori 


(8) qf? 1 < Bg (@). 


Hence if we write the formula of limitation of the a in 
the form (7), the limitation of the derivatives is obtained, 
in every case, by the formula (8); that is by inversion of 
the function y. 


6. Entire analytic functions 


We return now to the analytic functions, and we shall 
study more closely the manner in which the law of decrease 
of the Fourier coefficients is connected with the properties 
of the function. All that we have previously said about 
indefinitely differentiable functions applies in particular to 
analytic functions; but analytic functions possess peculiar 
properties of their own, to which the law of decrease which 
interests us is directly related. 

The investigation which we made in Section 2, already 
has placed in evidence the fact that if the periodic function 
f(z) has critical points, the decrease of its Fourier coefh- 
cients depends primarily on the least distance between the 
real axis and a critical point, because it is on this distance 
that the number d depends, which we introduced into the 
formulas of Section 2. 

We shall begin, however, by the investigation of functions 
which are entire, and have no critical point in the whole 
plane. In this case, as we shall show, the law of decrease 
of the Fourier coefficients is connected very closely with the 
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order of magnitude of the function as we recede indefinitely 
from the real axis. 

Let f(z) be a function of the complex variable z = x + 1, 
assumed to be periodic of period 2 x, real on the real axis, 
and analytic over the whole plane. 

Both of its Fourier coefficients a, and b, may be deter- 
mined simultaneously by the single formula 


on 
a, +1b;, = =| Juande. 
0 


Designate by AB the segment (0, 2 7) of the real axis 
(on which the above integration has been performed). On 
this segment as base construct the rectangle 4BCDA of 


altitude y. Since the function f(z)e“* is holomorphic in 
this rectangle, the integral on the side 4B is the same as 
that on the contour 4DCB, formed by the other three 
sides. But the integrals on the vertical sides 4D and CB 
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cancel, on account of the periodicity of f(z); so that the 
integral on 4B is equal to that on DC. In other words, 
we can replace x by x + yi in the integral written above. 
We have therefore 


2x 
(1) apt iby = te“ | cea hres 
0 


From this we infer the inequality 
(2) Vay? + by? <2 e-™ max | f(x + ty) | 


where the maximum refers to the variation of x. We could 
deduce immediately from this formula the results already 
obtained in Section 2, in another way, with respect to the 
decrease of the coefficients a, and D,. 

Since the function f(z) is supposed to be entire, the 
positive number y in the formula (2) is arbitrary. We must 
choose it then so as to minimize the second member. This 
minimum depends upon the law of increase with y of the 


modulus of f(x + yz). Write then 


(3) [fe + yt) |< 4a 
where 4 is a constant and ¢(y) a non-decreasing function 
of y. 


We have first the following theorem, which is nothing but 
a particular form of the generalized theorem of Liouville: 
If, in (3), the function ¢(y) is bounded and remains less or 
equal to an integer 7 for all y, the function f(z) is a finite 
trigonometric sum of order n. 

In fact, under this hypothesis, the relation (2) gives 


Vae be <= 2AceHP, 
If we let y increase indefinitely we see that a and ), are 


zero if k is>n, which proves the theorem. 
We shall assume then that f(z) is not a finite trigonometric 
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sum and that ¢(y), in (3), is a constantly increasing 
function which becomes indefinitely great with y. 
The relation (2), if we take account of (3), becomes 


Vae+ b2 <2 Ae owmly 
Designate by ¥ the function inverse to ¢; select arbitrarily 
a number a contained between 0 and 1; and then choose 
y by the condition 
o(y)= ak whence y= ¥(eh). 
We have 
(4) V ayn? + by? <2 Ae A ahven, 


Hence we have found the law of limitation of the ay, dx 
by inversion of the function ¢. 

Let us turn to the reciprocal relation. Let the law of 
limitation of the Fourier coefiicients be of the form 
(3) ‘N ag+ b,? <= seem. 


where 4 is a constant and ¥(&) a constantly increasing 
function of & We shall assume that ¥(&) becomes infinite 
with & since otherwise the function would not be an entire 
function. According to what we have seen in Section 2, 
it would unavoidably possess a critical point of which the 
ordinate would be equal to the upper bound of ¥(&). 

The development of f(s) is the following: c 


f()= x (a, cos ks + dy sin ks). 


If we designate in general by ay a real quantity, the devel- 
opment may be put in the form 


F(z) = p> V ay + by cos(ks-+ Oi). 
Hence 


Mu ky —ky 
[f(x+ yt) |< Y Vae+ Pf is Ee Vaet b2 et, 
2 
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And therefore, by means of condition (5), we find 
| f(~+ yi) |< 4 5 eklu- vik) 
k 


Take again a number a, arbitrarily small. When this 
has been done, separate the preceding sum into two parts. 
The first part is to extend over those values of & for which 
v(k) is <y +a, that is, over the values k < ¢(y +), 
where ¢ is the inverse function to y. The second part is to 
extend over the other values. We have then a fortiori 

o(y+e) 


fet yi) |< 4 Yt ye, 


oye) 

The first sum is an increasing geometric progression, and 
of the order of magnitude of its last term; the second is a 
decreasing geometric progression and has a finite value: 
we can therefore assign it an upper bound which does not 
depend on a. We can therefore assign a constant B inde- 
pendent of y such that 
(6) | f@+ yt) |< Bert, 
the constant B possibly depending on the choice of a. 

In the formula (5) we have accordingly a limitation of the 
modulus of f(z), given by (6),—that is, by inversion of 
the function y. 


7. Digression. Study of the function $(y) which 1s 
related to the law of increase of the modulus 
of an entire periodic function 


We consider an entire function f(z), which is not a mere 
constant. We assume it to be periodic with period 27. 
Moreover, we suppose it to be real on the real axis; and 
therefore at conjugate points it takes on conjugate values, 
of the same modulus. We shall consider the maximum of 
the modulus of f(z) on a parallel to the real axis, of 
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ordinate y, positive; and we shall define the function ¢(y), 
of y real and positive, by writing 
(1) max | f(x+ yt) |= deve, 
where 4 is a positive constant, chosen arbitrarily. 

We commence by making an important observation. 
Writing, for simplicity 

Ry) = max | f(x+ 91) | 

we shall show that R(y) possesses a continuous derivative 
except possibly in isolated points. 

In fact, if | {(~-+y7) | reaches its maximum only for a single 


value x, of x in the period, we shall have 2 fet yt)| = 0 


in this point; hence necessarily 


2-0. ; 
ae ag | f(ai+ yi) |. 


In this case the derivative exists and is continuous in the 
neighborhood of the point y. 

On the other hand, if the maximum of | f(~+-y7) | is reached 
for several different values x, x2, ... of x in the period, the 
function R(y) will have different derivatives in the direc- 
tions of increasing and decreasing y. The former will be 


equal to the greatest and the latter to the least of the partial 
derivatives 


Jif t yl, Zifetwdl, .. 


Hence, when y passes through one of these exceptional 
values, the derivative of R(y) will increase in value by a 
sudden jump. 

The same conclusions apply accordingly to the function 
g(y). It possesses in general a continuous derivative 
¢'(y) except possibly for particular values of y where there 
are two different derivatives $’(y+ 0) and ¢’(y— 0), and the 
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upper derivative is greater than the lower. These two 
derivatives are respectively the limits of ¢’(y+e) as € ap- 
proaches 0. 

We know that the modulus of an entire function cannot 
attain its maximum in a closed region except on the fron- 
tier of the region. From this it follows easily that y¢(y) 
increases with y (supposed positive). 

Consider in fact, the rectangle 4BCD of altitude y which 
has for base the segment 4B of length equal to the period 
2. The maximum of the modulus of f(z) in this rectangle 
cannot be attained on 4B, because that is an axis of sym- 
metry for the modulus, nor can it be attained on the ver- 
tical sides, on account of the periodicity. Hence the maxi- 
mum cannot be reached except on CD. As we let y increase, 
the rectangle 4BCD enlarges; hence the maximum of the 
modulus of f(z) in the rectangle is increased, and conse- 
quently the function y¢(y) increases with y. 

This first result is almost immediate. The second is a 
little less so. 

The derivative of yo(y), that 1s, the expression $(y) + 
y¢’(y) ts also a constantly increasing function of y, positive. 

In fact, consider the entire function 

F(z) = f(zje™ 
where & is a positive number, integer or not. Since the 
modulus of the exponential is constant on a parallel to the 
real axis, the modulus of F(z) admits the period 2 7. Hence 
if we consider a rectangle 4BCD of which the base 4B 
is a horizontal segment of length 2 z, the modulus of F(z) 
cannot attain its maximum in the rectangle 4BCD except 
on the horizontal sides.! It follows evidently that the 
maximum of the modulus of F(z) on the horizontal of 


1 We observe that since F(z) is no longer real on Ox, that axis is no longer an 
axis of symmetry for the modulus. 


140 Approximation of Functions 


ordinate y is a function of y which cannot have a maximum 
(for otherwise the modulus of F would also reach a maxi- 
mum). This function of y has the form 

Aeview i 


The derivative of the exponent is 
o(y) + yo'(y) — &. 

If o(y) + y¢'(y) did not increase as y passed through a 
value yo, we could take the constant k equal to (yo) + 
yoo’ (yo); then the derivative just given would change from 
positive to negative or would stay zero. Hence the modulus 
of F(z) would attain a maximum value on the line y = yo, 
which is impossible. 

From this we deduce the following theorem: 

The function $(y) cannot pass through a maximum when y 
varies from O to infinity. 

In fact, if ¢(y) should have a maximum for y = yo, ¢’(yo—0) 
would be zero or positive at yo and negative at yo + «. 
Hence the function ¢ + yd’ would change from the value 
(yo) + yod'(yo-9) = H(yo) to the value 

bot €-) +(ot €)4’(yot €) < (vot €) < (yo), 
which contradicts the previous result. 

If the function f(z) is not a finite trigonometric expres- 
sion, we know that ¢(y) increases indefinitely with y. In 
this case, consequently, the function ¢(y) may start by de- 
creasing and reaching a minimum; but after this point it 
becomes definitely increasing and tends towards infinity. 

We are going to make still more definite the properties of 
the function ¢(y) by choosing the constant 4 in such a way 
that ¢(y) remains finite for y = 0. For that purpose it is 
necessary to assign to 4 the maximum value of the modulus 
of f(z) on the real axis. The function $(y) is defined in 
this case by the formula 


Law of Decrease of Fourier Constants 141 
(2) max | f(x+ yi) |= max | f(x) |e. 


We have then this theorem: 
With this definition the function $(y) cannot have a minimum. 
In fact, if ¢(y) had a minimum at yo, $(y) would be de- 
creasing between 0 and yo, ¢’(yo—0) would be zero, and the 
function ¢(y) + y¢’(y) would not be increasing between 0 
and yo, since it would pass from the value ¢(0) to the smaller 


value $(yo) + yod'(yo—0) = (yo). 


From this we have the following conclusion: 

If the function $(y) is defined by the formula (2), it ts 
necessarily increasing as y varies from 0 to ©. 

This function has neither maximum nor minimum; it 
varies then continually in the same sense. It tends to 
infinity, if f(z) is not a finite trigonometric expression. In 
this case it is then evidently increasing. The conclusion is 
less immediate if f(z) is a finite trigonometric sum, but it 
holds nevertheless, because ¢(y) will be certainly increasing 
for large values of y. We shall verify this statement. For 
this purpose, let us express f(z) in terms of imaginary expo- 
nential functions. If the order is 1, we shall have 


f(a) = ag + Ss 


The term just written is the principal one for y = ». 
The value of 4 which is equal to the maximum of the 
modulus of f(x) will be greater than the modulus of a, 
because we can choose x so that the sum of the unwritten 
terms will have the same argument as the first term.!. We 


11f we put ¢#f = x, we may write 
f(z) = x™ (ao + ax +... + aanx*”). 
Since the expression ax + ... + dmx" has the root 0, its argument is increased 
by at least one circumference when x describes the circle of radius 1 around the 


origin, and it can therefore be given the argument of ao. 
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have asymptotically : 
o(y) = n+ y log 


ao 
A 
This logarithm is negative. Hence ¢(y) approaches n by 
increasing, as y varies from 0 too. 


8. Functions with critical points 


If the function f(z), which is periodic and analytic on the 
x axis has critical points outside of that axis, the law of 
decrease of its Fourier coefiicients depends, in the first 
instance, on the distance from the axis of the nearest critical 
point. That is the immediate consequence of the consider- 
ations which we have already made. (Section 2.) 

Let b be the shortest distance; however small « > 0 is 
given, the Fourier coefficients a, and },, as k becomes 
infinite, will become infinitely small with regard to the 
exponential e~®-°*, while they cannot behave that way 
with regard to e~°t?*, The order of magnitude of the 
Fourier coefficients in the scale of exponential functions is 
sufficient to determine the distance to the real axis of the 
nearest critical point. 

In many cases, we can determine the law of decrease of 
the Fourier coeficients more definitely by specifying the 
nature of the critical point or points nearest the real axis. 
In my lessons on approximation (Chapters VIII and IX) 
I have indicated various cases in which it is possible to 
find the asymptotic values of the Fourier coefficients, the 
simplest case being that of polar singularities. It seems 
therefore unnecessary to discuss this question at present. 


9. On the order of approximation furnished by the 
Fourier sums of an analytic function 
When we develop an analytic function in a Fourier series, 
the Fourier sums furnish in general a very satisfactory 


Law of Decrease of Fourier Constants 143 


approximation. Practically speaking, this approximation 
is almost always of the order of the best possible. To 
put the matter exactly, we can in fact state the following 
proposition: 

If, as n tends to infinity in an arbitrary manner, the ap- 
proximation furnished by the Fourier sum of order n, for an 
analytic function f(x), 1s an infinitely small quantity of a 
definite order with respect to 1/n, this order is also that of the 
best possible approximation. 

This statement is evidently a consequence of the follow- 
ing theorem: 

There are an infinite number of values of n, such that the 
approximation furnished by the Fourier sum S, will stand 
with respect to the best possible approximation in a ratio 
which 1s bounded. 

In fact, since f(x) has no critical point between two lines 
y = + 5, which can be given, nor on those lines, the Fourier 
coefficients a, and b, are infinitely small with respect to 
e-*, However small « > 0 is given we can therefore assign 
a last subscript & such that 


Vaz+b2 >«e™, 
and this value & will be as large as we like if we take « 
sufficiently small. 
The approximation furnished by the sum S;_, is then 
less than the expression 
ee Eek SIO Va2+ b,? 
Svar t Ba < Vaart bp Sem = te oe 
n= n=0 a 
On the other hand, according to Bernstein’s criterion, given 
at the end of the first lecture, the best possible approxima- 
tion is greater than 


Pa 1 
‘5 Dy (an? + bn?) 7 W7q Van tee 


n=k 
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The ratio of these two approximations is then less than the 
fixed number V2/(1 — ¢7°). 

It is interesting to notice that this proof depends upon 
the order of convergence appropriate to analytic functions, 
and cannot be extended to other functions, such as the 
quasi-analytic functions with which we shall be concerned 
in the next lecture, even when their properties are very 
similar. 


III 


QUASI-ANALYTIC FUNCTIONS OF A REAL 
VARIABLE 


1. Borel’s investigations and the concept of 
quasi-analytic function 


Analytic functions of a complex variable possess the 
property of being determined in their whole region of exist- 
ence as soon as they are known in a region which is arbi- 
trarily small. In fact, they are determined by their values 
and the values of all their successive derivatives at a single 
point %. This comes from the circumstance that they are 
developable in a Taylor’s series in the neighborhood of the 
point, and the Taylor’s development identifies, as we know, 
the analytic functions. 

It was thought for a long time that the analytic functions 
were the only ones which were determined by their values 
and the values of their derivatives at a single point. It 
was Borel who first conceived and proved the existence of 
functions belonging to more general classes than that of 
analytic functions, which nevertheless possessed this same 
property; and he gave them the name quwasi-analytic, by 
which they are now known. 

The functions which Borel considered are the monogenic 
non-analytic functions, defined in the complex plane, and 
on them he published a fundamental study in the collection 

1 Les séries de fonctions analytiques et les fonctions quasi-analytiques, Comptes 


Rendus, t. 154 (1912), p. 1491. 
145 
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which bears his name.!_ But we shall not now take up the 
investigations of Borel, since for the present this study will 
not help us; and we shall only speak of the quasi-analytic 
functions considered in the real domain. 


2. Quasi-analytic functions of.a real variable according 
to Denjoy’s point of view 


This new method of treating quasi-analytic functions, 
which is much simpler than that of Borel, and which, as a 
matter of fact, is independent of that geometer’s work, is 
due to Denjoy. Denjoy gave the exposition of his point 
of view and his results in a very remarkable article in the 
Comptes Rendus.2 He considered quasi-analytic functions 
in a real interval, and showed that they could be defined 
by properties analogous to those which define analytic 
functions in such an interval, but which are merely less 
restrictive. 

We shall first show that the functions which are analytic 
in a real interval, for instance, in the segment (0, 1), may 
be characterized by a condition of limitation imposed on 
their successive derivatives. 

Let us suppose then that f(z) is analytic on the segment 
0 <x <1. This segment can be enclosed in a region D 
where f(z) is still holomorphic and where its modulus does 
not exceed M/. Let R be the shortest distance from the 
segment to the frontier of the region D. With any point 
Xo of (0, 1) as center we can describe a circle C of radius R, 


interior to D. We apply accordingly the well-known for- 
mulae of Cauchy 


1 Lecons sur les fonctions monogénes uniformes; Paris, Gauthier-Villars (1917), 
edited by G. Julia. (See also Borel’s lectures in The Book of the Opening of 
the Rice Institute (1912), vol. 2, pp. 399-430 [transl.]). 

2 Comptes Rendus, t. 173 (1921), p. 1329. 
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Hove 1 ee , f(x) = p! F(z)dz 


Qn tJ (z —%)?*} 


from which follow ns ah of Pikes 


fl <M, |f>| et 


which are also well known. 
In the last formula we may replace the 9! by its approxi- 
mate value, given by Stirling’s formula 


VImp (2)’. 


If now we notice that the expression 


V 27pM? 


e® 


remains for all less than a definite constant &, independent 
of ~, we conclude, from the last inequality, the following 
one: 


(Co) VyiP?l< kp. 


Hence any function analytic on the segment (0, 1) satis- 
fies the condition (C)), for all p, with a proper value of the 
constant k. Conversely, a function which satisfies the con- 
dition (Cy) is analytic on the segment (0, 1), since this 
condition implies the convergence of the Taylor develop- 
ment about every point Xo of that segment. 

The condition (Cy), therefore, characterizes in the real 
domain the class of functions analytic on the segment (0, 1), 
and accordingly the functions of that class are completely 
determined by their values and the values of their successive 
derivatives at a point, let us say 0, of the segment. 

Denjoy asked himself if it was not possible to enlarge 
the class (Cy) without making this property disappear. For 
this purpose he inserted factors which become infinitely 
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great with p into the second member of the condition (Co) 
and in this way defined classes (C), (C2), ... more and 
more extensive, and characterized by conditions 


(C,) VIF? 1 < kp log p 


(C2) qyif?l — < kp log p log log p, 


and so forth. He verified that the functions of these dif- 
ferent classes were still completely determined by their 
initial values, and preserved for them the name quasi- 
analytic functions, proposed by Borel. 


3. The Denjoy-Carleman theorem 


These results were proved rigorously by Denjoy himself 
in the article mentioned, but he was led by induction to 
announce a further proposition, without however being able 
to prove it completely. He noticed that the reciprocals of 
the second members of the inequalities given above are 
themselves the general terms of divergent series, less and 
Jess rapidly divergent, and forming, in fact, a classic scale 
of such series. He was thus led to announce the following 
theorem: 

Let f(x) be a function which 1s indefinitely differentiable in 
the interval (0,1) and not analytic, and denote by My, M,, 
Mo, ?.'.;: My, 1 ~ the absolute maxunavoy fs 7,237 oe 
in that interval; the function will be quasi-analytic, that is, 
completely determined in the whole interval by its value and the 
values of its derivatives in one point, tf the series of positive terms 


1 1 1 
MM, Vi, + + A i, + 
is divergent. 
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This theorem was completely proved a fortnight later 
by Carleman,! and on that account it is called the Theorem 
of Denjoy-Carleman. I gave a complete proof of it in the 
lectures which it was my privilege to give in Paris in 1923.2 
But the complete demonstration of this theorem encounters 
many little difficulties of detail, which have only a secondary 
interest. Hence I am going to replace Denjoy’s statement 
of the theorem by another which is simpler and avoids 
these secondary complications, and which brings out the 
general idea of the proof in its fine simplicity. — 

We shall then for the moment be satisfied with proving 
the following theorem, which defines a very general class of 
quasi-analytic functions. 


4. Theorem 


The class of functions which are indefinitely differentiable 
in the interval (0,1) and whose successive derivatives satisfy 
the condition of limitation 


(C) Vif? < kelp) 


where k is a constant and $(p) a function which increases 
constantly and without limit, 1s a class of quast-analytic 


functions if the series ray or (what amounts to the same 


thing) if the integral with infinite limit 
© de 
o o(p) 
1s divergent. 
1 Comptes Rendus, t. 174 (1922), p. 373. Another demonstration, of entirely 


different character, was given by Carleman, in a session of the Fifth Congress of 


Scandinavian Mathematicians, Helsingfors, 1923. 2 
2 Four lectures on analytic functions of a real variable. Bulletin de la Société 


Mathématique de France, No. Jubilaire, 1924. 
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A function of the class (C) is then completely determined 
in the whole interval (0, 1) by its value and the values of 
its successive derivatives at the point 0. 

We can introduce several simplifications in the proof of 
the preceding theorem. 

If two functions f, and f, take on the same initial values, 
as well as their derivatives, the initial values for their 
difference will vanish. In order that f, and f2 be identical 
it is sufficient that their difference be identically zero. Now 
if the two functions f, and f, are of the class (C), their 
difference is of the same class. In order to prove the above 
theorem it will accordingly be sufficient to show that if a 
function of class (C) vanishes with all its derivatives at the 
point 0, the function vanishes identically in the interval 
(0, 1). 

It suffices also to prove the theorem for a not negative 
function f, since we can replace f by f?, which also belongs 
to the same class (C). 

Finally, we may assume that f(x) satisfies the symmetry 
condition 

f(*) =f — *), 
since we can, if need be, replace f(x) by the function 
F(x) = f(x — »)] 
which satisfies this condition and also belongs to the class 
(C). This fact is easily verified by calculating the n” 
derivative. 

It is therefore sufficient now to prove the following 

theorem: 


5. Theorem 
A function f(x) of class (C), which is not negative and 


which vanishes with all its derivatives at both ends of the inter- 
val (0, 1), vanishes throughout the whole of that interval. 
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In order to prove the theorem we form, with Denjoy, the 
integral 


Paice | flxe-"*dx 


considering z as a parameter. This integral defines an 
entire function F(z) of the complex variable z, on the whole 
plane. This fact is immediate. Our theorem will then 
follow if we can prove that F(z) is identically zero, for we 


shall have, for z = 0, 
1 
F(0) = | Sede, 
0 


and the function f(x), being not negative, will be zero. 

We see at once that the function F(z) is bounded (since 
the same is true of e~*) to the right of the imaginary axis. 
. If F(z) were also bounded to the left of this axis, we could 
- apply Liouville’s theorem, and deduce that F(z) is a con- 
stant, and therefore zero, since we know that F(z) vanishes 
for z positively infinite. But we do not know how to make 
this proof. Denjoy evaded this difficulty by using ideas 
which testify to his great ingenuity, but succeed only with 
special forms of the function ¢(p), introduced in the con- 
dition (C). 

It was Carleman who found the real basis for the proof, 
and made known, at the same time, a very remarkable 
theorem of the theory of analytic functions. To this theo- 
rem I devoted the first of the lectures which I gave at 
Paris last year, and I refer you to that lecture for the proof. 

Carleman’s theorem is somewhat analogous to the theo- 
rem of Liouville, but whereas Liouville’s theorem refers to 
a function considered over the whole plane, that of Carle- 
man concerns the half plane. It says that a function F(z), 
which is bounded in the half plane to the right of the imagin- 
ary axis and approaches 0 as z becomes infinite along the 
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imaginary axis in either direction, will necessarily reduce to 
zero if the rapidity of decrease of the function exceeds a 
certain limit. 

We can easily state such a limit. 

Let z= 7e%. According to our hypothesis that F ap- 
proaches zero, we can write 


| F(re*3)| LAA gt" 


with y(r) an increasing function of r which becomes infinite 
with 7, and the more rapidly according as F tends more 
rapidly to zero. 

This is now Carleman’s theorem: 

If ¥(r) increases sufficiently fast so that the integral to 
infinity 


ie v(r)dr 
r? 
is divergent, we shall have identically F(z) = 0. 

We are thus led, in order to apply this theorem to Den- 
joy’s integral F(z), to investigate how F(z) decreases as z 
tends to infinity along the imaginary axis. For this pur- 
pose we make consecutive integrations by parts, and 
observe that since f(z) and its derivatives vanish at the two 
ends of the interval all the terms at these extremities are 
zero. Hence 


1f@) 
F(x) = | LO) ae ax. 
Oe es 
From this we have, by condition (C), 
wi. Pp 
| Fever) | < [ 22), 
Let us fix the integer » by the conditions 


o() S$ £< 6 +1) 
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whence, if we designate by y the function inverse to ¢, 


<v(Z)<p+t. 


We shall have a fortiori 
| F(re*Z) |< Ce-¥G), 


In this way the condition of limitation on the function F 
is obtained by means of the inverse of the function ¢. 

In order that F be identically zero, it is therefore suffi- 
cient, in accordance with the above theorem from the theory 
of analytic functions, that the integral with infinite limit 


| = dr or (what amounts to the same thing) [2 dr 


be divergent. 

But this fact is precisely the consequence of condition 
(C), because the integral of condition (C) is reduced to the 
above integral by an integration by parts; and both in- 
tegrals are divergent at the same time. We have, in fact, 
if 1 is the inverse of ¢, 


+ [2s a rr less ae 


The function f(x), by hupothesis, fails to be analytic; 
hence ¢(n) surely exceeds » for certain properly chosen 
values of , sufficiently great, and the last integral (in 
which y is positive) is infinite whenever the first is. It is 
clear, conversely, that under the same condition, the di- 
vergence of the last integral implies the divergence of the 
first integral, in the preceding relations. 

The theorem is thus fully established. 


a #a) 
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6. Identification of quasi-analytic functions by the 
order of decrease of the coefficients of their 
trigonometric development 


The investigations of Denjoy and Carleman are exceed- 
ingly interesting, but they leave a gap in the theory. In 
fact, they characterize the quasi-analytic functions by 
properties which cannot immediately be tested in terms of 
their analytic expression, and moreover do not lead to any 
practical method of analytic representation for those func- 
tions. This is true to such an extent, that one would be 
at a loss to define explicitly particular quasi-analytic func- 
tions, and one might even place their existence in doubt. 
I have shown, by applying to these special functions the 
methods which I utilized in the study of the approximation 
of functions, that the difficulties which I have just men- 
tioned disappear if we consider the development of quasi- 
analytic functions in trigonometric series. 

It is of course understood that this trigonometric repre- 
sentation is applicable only in the case of periodic functions. 
We shall consider therefore only a function f(x) with period 
2. This restriction does not interfere with the generality 
of the theory, since it is always satisfied if we replace the 
variable by cos x. This substitution, performed on a func- 
tion of class (C) does not alter, in general, the condition of 
limitation for the derivatives appropriate to this class, but 
we shall not stop to prove the statement. There is nothing, 
in fact, to prevent us from studying the properties of the 
function when the substitution has been made. 

In order to simplify the writing we shall consider an 
even function. The above mentioned substitution always 
leads to such a function. But we notice also that any 
function is the sum of an even and an odd function, and 
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that the derivative of an odd function is an even function. 
Hence in any case, matters come back to the even function. 

Let f(x) then be an even function, of period 27 and 
indefinitely differentiable. It is expressible in a trigono- 
metric series, indefinitely differentiable, of the form 


{(x)= 5 a+ di cos kx, 


We want to show that the various classes of quasi-analytic 
functions can be characterized by the law of limitation im- 
posed on their Fourier coefficients a, as well as by that 
imposed on their successive derivatives. This is the conse- 
quence of the formulae which I established in the pre- 
ceding lecture. 

We have seen that the condition 


| f™| < $(n) 


implies as a consequence the condition 


| a|< Ae-¥) (A const.), 


where the function y is the inverse of the function ¢. Also, 
we saw that conversely the condition 

hy | mage ot 
implies as a consequence the condition 


Vif ™l< Bo (**), (B const.), 


with the proviso that we can choose a, positive, so that the 
function y(x)/x* is continually increasing. Finally,’ we 
know that in the case of a function f(x) which is not ana- 
lytic, the integrals with infinite limit 
° dn * W(k) dk 
siglo 6 th= 


are both divergent or both convergent. 
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From this we have the following conclusion: 

The class (C) of quasi-analytic functions which we have 
already defined may equally well be characterized by the 
condition of limitation 


(C) Pappas eae (R= 071, 2.272) 
imposed on its Fourier coefficients, subject to the hypotheses: 


(1) that there exist a positive a such that the function 
¥(k)/k* shall be non-decreasing, and (2) that the integral 


shall be divergent. 

Of course, these conditions are not assumed to hold in 
the interval (0, 1) as before, but in the interval of a com- 
plete period (of amplitude 27), and, therefore, for all 
values of x (on account of the periodicity). 

We can apply the above principle to the definition of the 
classes (C;), (C2) ..., which were considered originally by 
Denjoy, and which enter as particular cases in the above 
class (C), by giving to y the particular evaluations: 


(C,) v(k) = 


log k 


k 
(Ga) Wels log k log log k 
and so on. 


It is now possible to write down at once a quasi-analytic 
function which belongs to one of these classes. Thus, for 
instance, the function 

k 
f(x) = = eleek cos kx 
is a quasi-analytic function which belongs to the first Den- 
joy class (C,). 

By utilizing the results already obtained, it would not be 

difhcult to characterize certain classes of quasi-analytic 
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functions by the order of approximation which they admit 
by means of a finite expression of order n. This is not the 
method of definition which seems most natural to us, but 
we may notice here that Bernstein has taken this direction 


of approach and obtained quite recently some very inter- 
esting results.! 


7. Calculation of a quasi-analytic function for which the 
initial values are given? 


We take up the problem of determining a periodic quasi- 
analytic function, assumed to exist, by its initial value and 
the initial values of its derivatives for x = 0. It suffices 
evidently to be able to solve the problem for an even func- 
tion, for as we have said, every function is the sum of an 
even and an odd function. The derivatives of odd order 
of the former vanish at the origin, and the same applies to 
the derivatives of even order of the latter. The determina- 
tion of the two functions can thus be done independently. 
Finally, the determination of an odd function reduces to 
the calculation of its derivative, which is an even function, 
—a fact which justifies our statement. 

The problem then is to determine the even quasi-analytic 
function 

f(x) = 2a, cos rx 
on the basis of the following circumstances: 

(1) We assume that the function exists and belongs to 

the class defined by the condition 


(1) | | a, | < de" 


1 Sur les fonctions quasi-analytiques de M. Carleman, Comptes Rendus, t. 179 
(1924), p. 743. 

2 The solution of this problem was given by Carleman, by developing the func- 
tion in a series of polynomials [Comptes Rendus, t. 176 (1923), p. 64]. The solu- 
tions which we give here are much simpler. 
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where J is a given constant and ¥(r) a given function which 
becomes infinite with 7 in such a way as to insure the infinite 
differentiability and the quasi-analyticity of the function. 

(2) We assume that the function and its derivatives of , 
even order take on the initial values Co, C2, ..., Cai, - 

In accordance with this, we have the system of equations 


(2) OS a SCE Dia a0 lees 


r=0 
to determine the Fourier coefficients. 

We shall first show that the solution of the problem 
reduces to the successive solution of linear inequalities. 
The calculation of f(x) depends, in fact, on a passage to 
the limit which rests on the indefinite repetition of the 
operation which we are going to describe once for all. 

We assign two positive numbers e and 7, the first as 
small, the second, which is an integer, as large as we please. 
Consider the first n equations (2); without knowing the a,, 
but making use of the conditions (1) which determine a 
definite order of convergence of the series, we can take in 
each sum of the second member of the first n equations (2), 
a sufficient number of terms so that the remainders of these 
n series will be <e in absolute value. Suppose that for 
‘this purpose, to make our notions precise, we take the same 
number, p + 1, of terms in each equation, although this is 
not necessary. We shall have the x inequalities: 


(3), |.Gou—- 3 Are Lieitas nee eagle Oa eae ee 


r=0 
The function f(x) is assumed to exist, so that its Fourier 
coefhcients a), ..., a) satisfy the (p + 1) above mentioned 
inequalities (1) and the m inequalities (3). Hence if we 
consider the coefficients a, as unknown these inequalities 
form a system of n + p + 1 linear inequalities among the 
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Qo) 41, ...) @y Which we are sure have solutions. The deter- 
mination of a particular system of solutions is a problem 
which may be long, but the solution of it is elementary. 
Let us find then, by any method we like, a particular sys- 
tem of solutions a’o, a’,, ..., a’». We form thus the function 
(4) $(~) =a'o+ a’; cosx +a',cos2xn+...4+ a’, COS px 
which may be considered as an approximate solution of the 
problem. 

This is the method of calculation which must be repeated 
an infinite number of times, and leads to the solution of 
the problem. 

We take an infinite sequence of pairs of values of «, p. 
Let (€1, ~1), (€2) Pa), --+ (€ny Pn)» -.. be these various pairs, 
én approaching zero and , becoming infinite. To these 
successive pairs correspond successive functions ¢1, ¢2, ... 
dn... Of the form (4). I say now that this sequence of 
functions ¢, is convergent, and that ¢, converges to the 
desired quasi-analytic function f(x), as becomes infinite. 

In fact, all the functions ¢, are of the form (4) where the 
“coefficients a’o, a’y, a’, ... are subject to the conditions (1) 
and are consequently enclosed in intervals which insure the 
absolute and uniform convergence of the series and the 
quasi-analyticity of the sum function. The sets formed by 
the various values of the coefficients a’o, a's, ... respectively 
are bounded and consequently have at least one limit 
point. We can take from the sequence of the ¢, a first 
sequence where a’, converges, from this first a second se- 
quence where a’, converges, and so on. In this way we 
determine in the limit a quasi-analytic function which ad- 
mits the initial values C,,;, and this function is nothing else 
than the f(x) desired, since f(x) is the only one which can 
take on these initial values. 

But even the complete sequence 41, ¢2..-, $n» 
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converges to f(x). For if this sequence failed to converge 
there would be at least two limit points for the set of values 
given to at least one of the coefficients a’, say ao. In this 
case we could, following the above method, determine two 
quasi-analytic functions with the same initial values but 
different coefficients a’>. Hence the functions would be 
different, which is impossible. 


8. Modification of the above method of solution 


The method of solution which I have just developed is 
the one which is probably closest to the nature of the prob- 
lem and clarifies it most. But we may look for a more 
elegant procedure, and, in fact, imitate the one already 
invented by Carleman.!' This method avoids the resolution 
of inequalities by means of an infinite process depending 
on the method of least squares. ‘This is the way I followed 
in my lectures last year at Paris, but the method I used 
then may again be modified and put in a more satisfactory 
form, which I will now proceed to outline. 

Take again two numbers « and 2, the first as small, and 
the second integral and as large as we please. In virtue 
of the assumed conditions, namely 


(1) |a,| < 4ew™, 
we can choose the integer p great enough so that the coefhi- 


clentS do, 41, ..., @, of the quasi-analytic function desired 
will satisfy the 7 conditions: 


2 
(2) (Cau- Y7%a,) oe, tim OH econ 
0 1 


We write down the quadratic form in the p + 1 variables 
Yor Vir Yoo -- + Ynys 


n-1 
@) Fo) =E (Gi- Ley) +e Loree 
t= 0 0 


1 Comptes Rendus, t. 176 (1923), loc. cit. 
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This is a definite positive form. Let us find its minimum. 
The values a’o, a’;, ..., a’, of the y which give a minimum 
are obtained by solving a system of linear equations. 

This minimum of F(y) is not greater than the value of 


F(y) when we put for yo, y1, yo, ... the coefficients ao, a, 
a, ... of the desired function f(x), hence less than the 
quantity 


n= + ¢A? yew = (1+ AB) 
n 


r=0 
where we designate by B the value of the convergent series 
of exponentials. 
It follows therefore that the values a’o, a’;, ... a’, which 
make F(y) a minimum make each term of the sum (3) 
less than that limit. Hence we have the conditions 


(4) ( ee pee): < (1+ A?B)e 


(5) a’ Pee < (1+ A?B), whence a’, < V1 + AB ae 
By means of the above process, to each system e, p, we make 
correspond a function 

$(x) = a’o + a’, cosx+...+a’, cos px 
whose coefficients satisfy the conditions (4) and (5). It is 
an approximate solution in the same sense as in the previous 
method. As ¢ approaches 0 and p becomes infinite this 
approximate solution approaches the desired quasi-analytic 
function, since the conditions (5) insure the convergence of 
the process and the quasi-analyticity of the limit as in the 
previous method. 


9. On the existence of a quasi-analytic function which 
admits the initial values 


The success of the methods which we have just explained 


is based on the hypothesis that the quasi-analytic function 
f(*) exists which takes on the given initial values. What 
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happens if, given the initial values and the class of the 
quasi-analytic function, we are not sure of the existence of 
a solution? 

Suppose we apply the first method, which consists in 
solving systems of inequalities. Two cases are possible. 

One alternative is that at a certain stage we find our- 
selves stopped in the sequence of operations, by encounter- 
ing a system of incompatible inequalities. In this case 
we know that the problem is impossible and that there is 
no quasi-analytic function of the proposed class which with 
its derivatives takes on the initial values. 

The other alternative is that after having carried the 
calculation more or less far, we stop before having en- 
countered an incompatibility. In this second case we shall 
have obtained a more or less approximate solution of the 
problem, but we will not be sure of the existence of an 
exact solution, since it is always possible that we may meet 
an incompatibility by pushing the calculation further. 

The question of finding a criterion of consistence for the 
initial values of a quasi-analytic function, of a certain class, 
and its derivatives, is thus before us. But it seems ex- 
ceedingly difficult to solve. We shall not undertake it here. 

Nevertheless, in a Note which we append to this lecture 
we shall explain some results with regard to a related but 
much simpler problem, that of constructing a function, 
quasi-analytic or not, taking on with its successive deriva- 
tives a system of given initial values. 


NOTE 


ON THE DETERMINATION OF PERIODIC FUNC- 
TIONS BY MEANS OF THEIR INITIAL 
VALUES 


1. Purpose of this Note 


Consider a trigonometric series containing (for greater 

simplicity) only cosine terms, 

2da,COS nx. 
We know, by what has preceded, that if the coefficients a, 
satisfy a.law of decrease which is sufficiently rapid, the sum 
of the series is an analytic function of x. Suppose that we 
assign a priori the initial values Co, C2, Cy, ... of a function 
f(x) and its successive even derivatives for x = 0; it will in 
general be impossible to satisfy these conditions with a 
periodic function whose Fourier coefficients decrease rapidly 
enough to make it analytic. In fact, an analytic function 
is defined at once in terms of the initial values by means of 
its Taylor development, and this power series represents a _ 
periodic function only exceptionally. 

On the other hand, if we do not assign a special law of 
decrease for the Fourier coefficients, it is always possible to 
construct a periodic function which, for x = 0, takes on, 
with its successive derivatives of even order, the sequence 
of given values Cp, C2, ..., whatever they may be. 

It is our plan to prove this statement, and to outline a 
method of constructing such a function. We shall add 


some remarks which relate naturally to this question. 
163 
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2. Theorem I 


Whatever initial values Co, Ca, .-+5 Cony - ++ are given, tt 15 
always possible to form an even periodic function f(x), such 
that the differences 

{29 (0) — Cat (n= 1p re) 
are bounded for all n. 

Let m,, mg, ... Mn... be an increasing sequence of 
integers and a, dg... Gm)... an arbitrary sequence of 
coefficients. We wish to determine them one after another. 
We write 

fa) = Cot Fa, Oo fine 
n=1 n 


From this, we have 
"(Q) = Basrave 
— f"(0) = mya,+ Fe “ts we 


£90) = my3a,+ meag+ 8 +... 
ms 


and so on. 
Let us form the system of successive equations: 
— Cy = ma, 
Cy = ma, + mea2 

— Cy = my°a, + me3az + msds, 
and so forth. This is a recurrent system which determines 
successively the products m,4@;, mMzgdo, ... MnQny .... When 
these products are known it is obvious that we can always 
take for the first factors m, ma, ... my, ... an increasing 
sequence of integers, and moreover one that increases fast 
enough so that the second factors a;, dg, ... Gn, ... are all 
contained between — 1 and +1. The function f(x) is then 
completely determined by the above trigonometric series, 


and it is evident that this series satisfies the conditions of 
the theorem. 
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Not only are the differences f°”(0) — C., bounded for all 
n, but in our case they also approach 0 as n becomes 
infinite. 

The preceding theorem reduces the determination of a 
function which is even and periodic and with its successive 
derivatives takes on a sequence of given initial values to 
the same problem where the initial values Cy, Co, ..., 
Con, ... are bounded. This problem will be solved in the 
proof of the following theorem. 


3. Theorem II 


Let my, m2, ... My, ... be a sequence of positive integers, 
increasing rapidly enough so that for all n, 
ects Ee | 
nr 


where 15 a fixed positive number. Let then Co, C2, ...,; 


Copy... be a sequence of bounded numbers. It is always 
possible to determine the coefficients of the trigonometric series 
f(x) = a1 cos myx + ag COS Mex +... + a, COS Myx +... 


in such a way that this series and all its derivatives will con- 
verge, and the sum function and its derivatives of even order 
will take on respectively the given values Co, Cz, ... for x = 0. 

We determine first 1 coefficients a, dz, ...d,, by the 
system of 1 equations 


Cy =a, +d,+... + a, 


(1) —C, = my" ay + Mid, +... + Mr An 
| By ge nyt ms tage. . ma, 
and write 
Tn(x) = a, COS 4x + a2 COS Mex + ... + Ay, COS Myx. 


Evidently, it suffices to show that as n becomes infinite, 
f(x) approaches a limit function f(x) which satisfies the 
theorem. For this purpose, we shall show that 4, as, 
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dz) ... approach determinate limits a, a2, ag, ... respec- 
tively, and are contained respectively within limits (what- 
ever the value of ) which insure the convergence of the 
sum (which changes with 7) 


(2) a, COS Mx + dg COS Max +..., 
and its successive derivatives. 
We solve first the system (1). Its determinant A 1s a 


Vandermonde determinant which may be resolved into a 
product of factors 


A=| 1 1 fea? | 
m,? ma" a6 Mr? 
iene x ae a tS eRe Be 


= (mq? — m,”)(mz? — m,?)...(m,” — m,”) 


(mg? — mg”). . . (1Mn” — m3”) 


(m,? a Me ais 
Denote by A,(z) the polynomial in z obtained by replacing 
the letter m, in A by 2; we shall have 


Ax(z) (ng? — 22)(mg? — 22)... (mg? — 22) 
A (amg? — m2) (ms? — m2)... (1g? = m;?) 


According to the theory of equations, the value of the 
unknown a, is equal to a fraction of which the denominator 
is the determinant A and the numerator is obtained by re- 
placing in this determinant the elements of the first column 
1, m,?,... by Co, — C2, .... Evidently we arrive at the 
same result by ordering the numerator of the fraction 
written above according to powers of 2? and replacing 2°, 
zm, ... 2"-3 by Co, — Ca, ..., + Cana respectively. -The 
result of this substitution may be given explicitly with the 
help of a complex definite integral. This will now be shown. 

Let M be a positive quantity greater than the absolute 
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values of all the quantities C.,. We describe a circle (C) 
of radius M around the origin of the z’s. Outside and on 
the boundary of this circle we may define 


¥(z) = Le ee 


since this series is convergent in that region. If now we 
integrate along the circle (C) we have (according to the 
theory of residues) 

Ai(z) 


In order to study this expression and its analogs, we write 


wid (1-2) (1-5) (ta) 


whence we have, without difficulty, ¢’ being the derivative 
of ¢, 


a,> 
ss 


Ae) ns?) 
A (x? — m,”)¢',(m,7)’ 


and accordingly 
+ ae 7s] on(z?) W(z)dz 
e: 2 «1 c (2? +2 My”) dn (m,”) 

The corresponding values of az, a3, ... are obtained by a 
simple permutation of the letters. Permuting m, and m,, 
we have 
‘5 bale?) Vaan 

ae mi Jc (2? — my”) on (2? = m2) on (mi?) 
The denominators, only, depend on &. 

As n grows indefinitely great, the product denoted by 
¢n(z2) acquires new factors and is developed as a product 
with an infinite number of factors, which we may denote 


by ¢(z), von ( ; +.) (: eet 
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Since this product converges, a, approaches a definite limit 
a, Which is expressed 2 the integral 


Ban nei 

2 aise (22@— m”)¢'(m,?) 
In order to complete the demonstration it remains to show 
that as m varies the sum (2) and its derivatives are uni- 
formly convergent. For this purpose we shall seek an 
upper bound of the | a; |, which, when put in place of a in 
this sum, will insure the absolute convergence of this sum 
(extended to infinity) and its successive derivatives. 

We return to the expression (3) for the a. In order to 
obtain an upper bound for this expression we must look 
for a lower bound of the absolute value of its denominator, 
or (what amounts to the same thing) of 


my? bn’ (m,”) . 
This expression, like ¢(z”), is a product of factors. We 


divide them into two groups. ‘The first group, formed from 
the first k — 1 factors, has the form 


m m m2 
m1) Gen 1)-Gatan 


It can be put in the form 


k-1 2 2 2 
( Mr ) 125 M1 ie Mr-2 
M,Mg...Mz_1 m2 PTL ES PPP 


and consequently exceeds in value the expression 


(wma) (= 38) (1-5) 


The second group, made up of the remaining factors, has 


Determination by Initial Values 169 


and exceeds the definite quantity defined by the convergent 


infinite product 
1 1 
(1 P 3) (: — 8 


From this it follows that we can assign a constant h, and 
then a second constant h’ (independent of & and n) so that 
we have 


k-1 2 
Imeacne) [> & (gp) 
MMe... My__-1 
and consequently 
2 
fasten (Tite) 
My 


This upper bound (for & infinite) is an infinitesimal of 
higher order than any negative power of the m,; it guar- 
antees therefore the conditions of convergence which we 
have demanded. 

We notice finally that the a,, which are limits of the a, 
have the same upper bounds. 

Theorem II is thus completely proved. 


4. On the law of limitation for the Fourier coefficients 


We shall make the calculation of the last section more 
definite in a particular case. Let the numbers m,, mo, ..., 
Mz, ... be successive powers of the same integer d > 1. 

We consider in this case the trigonometric series 

f(x) = a, cos \x + ag cos x +... +a, cos Mx +... 
in which the upper bound of the a, found at the end of the 
preceding section, takes the form 


Prd ote iin» Ne h’ Rd ai 
| a, |< h (ae eer erated oe 
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The series which we have just considered comes under 

the general type of trigonometric series 
a, cosx+ a,cos2x%+..,+ 4, COS NMX+..., 
where all the coefficients vanish except when n = )*, in 
which case d, = a. Let us express the law of limitation 
of the a, as a function of n. We have k = log n/log A; 
consequently 
| an |< h'e-!8” (eex-2), 

We can accordingly fix two constants 4 and a so that we 
shall have for any 1 
(4) aq bande tee 


This gives us the following theorem: 

There are always an infinity of periodic functions which 
with their successive derivatives take on for x =0 an arbi- 
trarily given bounded sequence of values, and such that their 
Fourier coefficients a, obey a law of limitation of the form (A). 


5. On certain classes of functions determined by the 
system of initial values 


It is possible to define, in terms of the form of their 
trigonometric development, certain classes of functions which 
are neither analytic nor quasi-analytic, and yet such that a 
function of the class is determined by its value and that 
of its successive derivatives at x = 0. 

We have, in fact, the following theorem: 

Let my, ma, ... Mn... be a sequence of positive integers, 
increasing sufficiently fast so that the quotient 


MyMe...My 
Mn+1 


approaches 0 as n becomes infinite. The functions which are 
representable by the trigonometric series 
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a, COS MyX+ az COS Max +... + 4, COS mM,x+... 


with the condition of limitation 
M,Mg...Mn_1\? 
Lash w (Mate fea) (h! const.) 
n 


form a class in which every function is determined by its value 
and those of its derivatives at x =0. Moreover we find that 
these values remain arbitrary, provided they are bounded. 

We notice first that the sum of two functions of the class 
considered belongs to the same class. With this fact, it is 
enough to prove that a function of this class vanishes 
identically if all its initial values are zero. 

Suppose then that all the initial values are zero. The n 
first coefficients a,, dz, ..., @, must satisfy the equations (1) 

‘of section 3, provided we consider there the first members 
Co, — Cz, ... as representing, with opposite signs, the por- 
tions of infinite series discarded from the second members 
(or the remainders of those series). The calculation made in 
section 3 shows (on letting 7 become infinite) that 4), dg, . . 
are all zero, if these remainders themselves approach zero. 

The two conditions in the statement of the theorem allow 
us to satisfy ourselves easily that the first term of the re- 
mainder in the last equation of the system approaches 
zero. The whole remainder also approaches zero on account 
of the rapidity of decrease of the coefficients. All the re- 
mainders approach zero a fortiori in the other equations of 
the system. The theorem is therefore proved. 

For example, the class of functions which may be given 
by trigonometric series 

a, COS X+ dg cos 2? x+ az cos 3? x+...+a,cosn"x+... 
with the limitation condition 

i al et (i 1} -) (A const.) 


nnn 
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is of the preceding kind: a function of this class is com- 
pletely determined by its value and that of its successive 


derivatives for x = 0. 
The functions of this class are neither analytic nor quasi- 


analytic. 
CHARLES DE LA VALLEE PoussIN. 
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